Majorana zero modes are usually attributed to topological superconductors. We study a class of twodimensional topologically trivial superconductors without chiral edge modes, which nevertheless host robust Majorana zero modes in topological defects. The construction of this minimal single-band model is facilitated by the Hopf map and the Hopf invariant. This work will stimulate investigations of Majorana zero modes in superconductors in the topologically trivial regime.
ery fixed θ is topologically trivial. Stimulated by this mechanism, which significantly differs from the magnetic-vortex origin of zero mode in topological p-wave superconductor[1, 2], we design trivial-superconductor-based (and vortex-free) Tjunctions harboring MZMs.
Zero modes.-Before studying topological defects, we consider spatially uniform 2D single-band Bogoliubov-de Gennes (BdG) Hamiltonians parameterized by λ:
with m 0 = 3 2 . We can check that ∆ −k = −∆ k and ∆ (−k y ,k x ) = i∆ (k x ,k y ) , thus the pairing is p-wave. Given Eq.(4), the pairing ∆ k is of the same order as the hopping ξ k . To describe weaklypairing superconductors, one may consider
with a small but nonzero η. Nevertheless, tuning the value of η does not close the energy gap, hence it does not qualitatively change the results. Thus we will simply take η = 1 below. The mathematical form of Eq.(4) has been introduced for 3D Hopf insulators [85] [86] [87] [88] [89] [90] , with λ replaced by the third momentum k z . The physical system we will study is nevertheless not directly related to Hopf insulator. The familiar Chern number[1, 33, 95] C that characterizes 2D topological superconductors can be obtained by a straightforward numerical calculation, which yields C(λ) = 0 for every λ.
A topological defect can be generated if the parameter λ depends on spatial coordinates, in a manner that the configuration cannot be smoothly deformed to a spatially uniform one. Let us focus on the defects with λ depending on the polar angle θ (Fig.1a) as
where n is an integer. These configurations are topologically nontrivial due to a nonzero Hopf invariant, as we now explain. The unit vectord(k, θ) ≡ maps the 3D torus T 3 (k x , k y , θ are defined modulo 2π) to the 2D unit sphere S 2 . For nonzero n, the inverseimage circles of two points on S 2 are linked [96] . To quantify such linking, the Hopf invariant can be defined [82, 85] : N h = − 1 4π 2 dθd 2 kǫ µνρ a µ ∂ ν a ρ , where the integrating range is the Brillouin zone for k and [0, 2π] for θ, a µ = −i ψ(k, θ)|∂ µ |ψ(k, θ) , with µ, ν, ρ = k x , k y , θ, and |ψ is the negative-energy eigenfunction of H η (k, θ). Alternatively, we can define A µ = a µ /2π, j [82, 85] 
It can be calculated numerically by discretizing the Brillouin zone [96] . The numerical result for n = 1 is shown in Fig.1b . More generally, we have N h = n. We will call the topological defects defined by Eq.(6) as Hopf defects. To obtain energy spectra, we Fourier-transform the BdG Hamiltonian to real-space lattice, then numerically solve the Hamiltonian [96] . For n = 1, two zero modes are found (Fig.2a) , one of which is sharply localized around the defect, the other is localized at the sample boundary. The profile of particle component (τ z = 1 component, denoted by u) and hole component (τ z = −1 component, denoted by v) is shown in the main figure and the inset, respectively. It is apparent that the zero modes are equal-weight superpositions of particle and hole components, which is a feature of MZMs (inspection of the wavefunction confirms that u = v * ). is the same as (a) except that an impurity potential at the single site A (indicated in Fig.1a ) is added.
To check the robustness of MZMs, we add an impurity potential Uc † A c A (c is the fermion operator) at a single site A (specified in Fig.1a) , which amounts to adding a Uτ z term at site A in the real-space BdG Hamiltonian. The numerical result for U = 1.0 is shown in Fig.2b . The energies of MZMs remain pinned to E = 0, though the mode profile is changed compared to Fig.2a .
For n = 2, we find two localized modes in the defect and two at the boundary (near θ = 0 and θ = π). Unlike the n = 1 case, the energies of defect modes are not pinned to zero. Higher n's are also calculated, and the results support the conclusion that there is a single robust MZM for odd-integer n, and no robust MZM for even-integer n, therefore, it is the Z 2 Hopf invariant (even/odd) that determines the existence of MZM in the defect. One may notice that the Hopf invariant takes the form of a Chern-Simons invariant [76, 97] , which is not accidental, because the latter is indeed a general topological invariant, nevertheless, it has been applied [76, 77] only to topologically nontrivial superconductors, for which it is just the product of the Chern number and the vorticity of pairing phase. Our model shows that nonzero Chern number is not a necessary condition for MZM.
Edge theory.-It is desirable to have an intuitive understanding of the MZM from the perspective of edge theory, which, as we will show, differs significantly from that of the chiral topological superconductor[1, 98, 99] . First, we numerically solved the edge states of open-boundary systems for various values of λ, and found that gapless edge modes exist only for λ = 0. In Fig.3a , we show the energy bands for a ribbon along y direction. The gapless edge modes for λ = 0 are shown as the solid blue lines. They are non-chiral, and are immediately gapped out when λ is tuned away from 0 (edge modes of λ = π/20 are shown in dashed curves), in other words, the edge modes are not topologically robust. This is consistent with the vanishing of Chern number.
This numerical observation is confirmed by analytic solutions. We consider a semi-infinite geometry with the sample occupying x < 0 region, k y being a good quantum number. For λ = 0, we obtain two degenerate edge modes at k y = 0, both of which are eigenfunctions of τ x with eigenvalue −1[96], thus they are equal-weight superpositions of particle and hole components. We introduce Pauli matrices σ x,y,z (unrelated to the τ x,y,z matrices) in this two-dimensional space, so that the two eigenfunctions have σ z = ±1, respectively. Including small k y and λ as perturbations, we derive an effective theory [96] :
where the effective parameters v, M are found to be both 3/4 in our specific model [96] . Thus the edge-state spectra are
It is immediately clear that the edge states become gapped when λ moves away from 0, which is consistent with the numerical finding in Fig.3a . As a comparison, we note that the edge spectrum of a chiral topological superconductor [1] , E(k y ) = vk y , cannot be gapped out.
Based on this effective edge theory, we proceed to study a hollow disk with polar-angle-dependent parameter, λ = θ (Fig.3b) . We are only concerned with low-energy modes, therefore, we focus on the neighborhood of θ = 0. Suppose that both the outer and inner radiuses R, R ′ are large. On the outer boundary, we have λ = θ = y/R, thus the edge state spectra are given by solving H eff (k y → −i∂ y , λ → y/R)ψ = Eψ. More explicitly, it reads
This equation resembles the Schrödinger equation of harmonic oscillators, though E is replaced by E 2 , and there is a crucial additional −vM/Rσ z term. The eigenfunctions are σ zeigenvectors (eigenvalues are denoted by s z = ±1), with energies given by
where n = 0, 1, · · · . There is a MZM in the s z = +1 sector, with n = 0, which is illustrated as the blue bump in Fig.3b . Since this mode is the eigenfunction of τ x , it is an equalweight superposition of particle and hole components. For a semi-infinite geometry with sample occupying the x > 0 region, the effective edge theory is almost the same as Eq. (8), except that the sign of the first term reversed [96] . On the inner boundary of the hollow disk (again near θ = 0), we have λ = θ = y/R ′ , thus the edge-mode spectrum can be
analogous to Eq.(9). The energies are given by
which features a MZM in the s z = −1 sector. The zero-mode wavefunction is
which is exponentially localized near y = 0, namely θ = 0 (illustrated by the green bump in Fig.3b ). All nonzero energies grow as 1/R ′ as R ′ is decreased, while the MZM remains at zero energy, evolving to the defect mode shown in Fig.2 . For a hollow disk with λ = 2θ, there are two MZMs on the inner boundary for large R ′ , near θ = 0 and θ = π, respectively. Shrinking R ′ causes overlapping between them, which splits the two zero energies to nonzero values. This is consistent with the absence of MZM in the n = 2 defect.
It is useful to compare our systems with the chiral topological superconductor, for which a magnetic vortex with π-flux hosts a MZM[1, 2, 32, 100]. In a hollow-disk geometry, this MZM comes from the chiral edge states on the boundary circle[1, 98, 99] . The MZM wavefunction is evenly distributed on the circle, which implies its sensitiveness to the magnetic flux. In contrast to this picture, the MZM in our model is not derived from chiral edge state, which is simply absent here, moreover, the MZM is exponentially localized near θ = 0 (Fig.3b) , thus it is insensitive if a magnetic flux is inserted.
T-junctions.-So far, we have only studied configurations with λ continuously varied. It is conceivable that the smooth Hopf defect defined by Eq.(6) can be imitated by a discontinuous one, for instance, we may consider a T-junction:
(13) λ 1,2,3 being three unequal constants. Such T-junctions will presumably be easier to realize than configurations with λ smoothly varying in space.
We will study the simpler superconductor-superconductorvacuum T-junction by replacing the λ 3 -region by the vacuum. Since the value of λ in the vacuum is not well defined, this replacement is not fully justified in advance. Nevertheless, the numerical results thus obtained indicate that MZMs do exist in such T-junctions, as shown in Fig.4a for λ 1 = 0.1π, λ 2 = π. There is certain arbitrariness in choosing the hopping at the boundary between the λ 1,2 regions, for which we keep only the nearest-neighbor hopping (discarding the nextnearest-neighbor hopping and the pairing) [101] . The energy eigenvalues near zero are shown in Fig.4c (we show 12 of them), from which it is clear that the zero-mode levels are separate from all other energy levels by a finite gap in the L → ∞ limit.
We have also studied superconductor-insulator-vacuum Tjunctions. To this end, we consider the H η in Eq.(5), in which taking η = 0 amounts to removing the Cooper pairing. We notice that H η=0 (k, λ = π) describes an insulator without any Fermi surface [In contrast, H η=0 (k, λ = 0.1π) describes a metal]. Now we can design superconductor-insulator-vacuum T-junctions by taking η = 1 in the λ 1 = 0.1π region, and η = 0 in the λ 2 = π region. We find one MZM for each T-junction (shown in Fig.4b ), and the energy gap between the zero-mode levels and other energy levels is apparent in Fig.4d . We emphasize that each region by itself is topologically trivial, in particular, the superconductor (with λ = 0.1π) is a topologically trivial one without gapless edge state.
Conclusions.-We have investigated the intriguing possibility of creating MZMs in 2D topologically trivial superconductors. The Hopf defect is constructed as a minimal model for this purpose. Furthermore, we studied the more accessible T-junctions constructed from topologically trivial superconductors. Hopefully, the trivial-superconductor-based approach will broaden the scope of searching MZMs in various superconductors. In particular, absence of chiral Majorana edge state in a 2D superconducting sample does not necessarily imply absence of robust MZM in its point defects.
We conclude with several remarks. First, we have focused on a single-band model, while many materials have multi-bands. We emphasize that the MZMs found here are nevertheless robust to small mixing with other bands, because a single localized MZM cannot move away from zero energy, as required by the intrinsic particle-hole symmetry of the BdG Hamiltonian [3] . Second, we have taken a simple model BdG Hamiltonians as our starting point (like Ref.[1] ). More realistic Hamiltonians should be adopted when dealing with real materials, for instance, the semiconductorsuperconductor heterostructures [30, 31] , for which our theory implies that robust MZMs can exist in certain defects (e.g. judiciously constructed T-junctions), without requiring the uniform system being tuned to the topologically nontrivial regime. This will be left for future works.
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For general m 0 , the explicit form of these d i 's read
For the special case m 0 = 3 2 , they become d x = 2 sin k x sin λ + 2 sin k y cos k x + sin 2k y + 2 sin k y cos λ −3 sin k y ,
− cos 2k x − cos 2k y − 2 cos k x cos k y − 2 cos k x cos λ −2 cos k y cos λ + 3(cos k x + cos k y + cos λ).
II. EXPLICIT EXPRESSIONS OF BDG HAMILTONIAN IN THE REAL SPACE: UNIFORM SYSTEM
In the main article, the Hamiltonian is written in a compact form in the k space. More explicit (less compact) expressions for the kinetic energy ξ k and the pairing gap ∆ k are ξ k = − cos 2k x − cos 2k y − 2 cos k x cos k y − 2 cos k x cos λ −2 cos k y cos λ + 3(cos k x + cos k y + cos λ) − 13 4 ,
For many purposes, it is useful to do a Fourier transformation to the real space. For a uniform system (i.e. spatially independent λ) , the BdG Hamiltonian is given byĤ =Ĥ 0 +Ĥ ∆ with the kinetic energy term
and the pairing termĤ
where x, y are real-space coordinates taking integer values. As explained in the main article, λ is simply a parameter of the Hamiltonian. We can see that the pairing between the nearestneighbor sites (x, y) and (x + 1, y) is
and the pairing between sites (x, y) and (x, y + 1) is
thus
showing a p-wave character in real space. Since the Chern number is zero (for any value of parameter λ), the superconductor is topologically trivial, as we have explained in the main article.
III. EXPLICIT EXPRESSIONS OF BDG HAMILTONIAN IN THE REAL SPACE: WITH A DEFECT
In the previous section, we have focused on uniform systems with spatially independent λ. As explained in the main article, a topological defect can be created if the Hamiltonian parameter λ depends on the polar angle θ, which is measured from the defect center (x 0 , y 0 ), i.e.
such that the configuration cannot be smoothly deformed to a uniform one. The spatial dependence of the parameter λ in our topological defects is given by
Before proceeding, it is useful to point out that, since the hopping terms and the pairing terms are defined on the links instead of sites, it is natural to take the middle point of the link to define θ, for instance, cos θ c † x,y c x+1,y is taken as cos θ x+1/2,y c † x,y c x+1,y with θ x+1/2,y = arctan[(y − y 0 )/(x + 1/2 − x 0 )]. It is also viable to take a different convention, say cos θ x,y c † x,y c x+1,y , which does not affect the existence of Majorana zero mode, as verified in our numerical calculations. The reason is that |θ x,y − θ x+1/2,y | → 0 as (x − x 0 ) 2 + (y − y 0 ) 2 → ∞, thus different choices merely differ in the near-defect-core region. The topological character of the defect is fixed by the Hamiltonian far from the defect center, which is not affected by modifying the near-defect-core region. The rank of the matrix H x,y;x ′ ,y ′ is 2L 2 , L being the linear size of a square sample.
IV. NUMERICAL CALCULATION OF HOPF INVARIANT
We start from the k-space BdG Hamiltonian:
For η ≪ 1, H η describes a superconductor with weak pairing (in the main article, we focused on the η = 1 case).
As we explained in the main article, the unit vector
maps the 3D torus T 3 (k x , k y , θ are defined modulo 2π) to the two-dimensional unit sphere S 2 . For nonzero n, the inverseimage circles of two points on S 2 are linked, which is illustrated in Fig.5 for the n = 1 case.
The Hopf invariant, which characterizes the topological property of the Hamiltonian, is given by
where j(k, θ) = ( j x , j y , j θ ) (Note that the superscripts x, y stand for k x , k y ) takes the form of
and A = (A x , A y , A θ ) (again, the superscripts x, y stand for k x , k y ) is the gauge potential satisfying ∇ × A = j, where ∇ = (∂/∂k x , ∂/∂k y , ∂/∂θ). It is difficult to do the integration in Eq. (30) analytically. To do it numerically, we rewrite Eq.(30) into a discrete form:
where N is the number of lattice sites (the lattice constant is set to unit) and k x,y , θ take discrete values in
To obtain the expression of A from j, we do the following Fourier transformation:
where q = (q x , q y , q θ ), whose components q x,y,θ take discrete
Under the gauge q · A = 0, it is readily found that
thus the Hopf invariant becomes
The numerical integration converges quite rapidly as we increase N. For λ = nθ, we find N h = n. The n = 1 case is shown in Fig.1b of the main article.
V. MORE SUPPORTING DATA ON THE EFFECTS OF IMPURITY POTENTIAL
In the main article, we have shown that the Majorana zero mode for n = 1 is robust to an impurity potential, and remarked that robust Majorana zero mode is absent for eveninteger Hopf invariant. Here, more data on this is shown in Fig.6 . As explained in the main article, an impurity potential Uc † A c A at a single site A (indicated in Fig.1a in the main article) is added to test the robustness of Majorana zero modes. For odd-integer Hopf invariant, Fig.6a shows that the impurity potential cannot move the zero mode energies away from E = 0 (in consistent with the results given in the main article). For even-integer Hopf invariant, as shown in Fig.6b and Fig.6c , zero modes are generally absent in the defect in the presence of impurity potential (the blue lines in Fig.6b and Fig.6c are the energies for modes near the boundary, not near the defect at the system center). Note that several nonzero energy eigenvalues are almost independent of U in Fig.6a,  Fig.6b, and Fig.6c , because their eigenfunctions are quite far from the impurity site A. 
VI. EDGE THEORY FOR VARIOUS SAMPLE GEOMETRIES
Sample occupying y > 0
First, we study a semi-infinite geometry with the sample occupying the y > 0 region (illustrated in Fig.7a ). The momentum k x remains a good quantum number, while k y is not. In the y direction, we use the real-space coordinate, which is an integer in our lattice model. The wave functions and energy eigenvalues can be obtained by solving the following equation 
where the subscript j of ψ j is the y coordinate, each ψ j is twocomponent, and C α = √ 3/2 and C β = √ 27/80.
We can check that the two wave functions |Ψ 1 = j α j | j ⊗ |χ − and |Ψ 2 = j β j | j ⊗|χ − are not orthogonal. The orthogonalization can be achieved by the Gram-Schmidt orthogonalization. We have
where N = √ 5/2 is a normalization constant and the superscript "o" stands for "orthogonalization".
So far, we have focused on k x = 0, λ = 0. In the neighbourhood of k x = 0, λ = 0, we can expand the Hamiltonian H to the first order of k x and λ, namely, H i (k x , λ) = H i (0, 0) + ∆H i (k x , λ) with ∆H 0 (k x , λ) = 0 −ik x ik x 0 ,
It is readily seen that χ − |∆H 0 |χ − = −k x , χ − |∆H 1 |χ − = −(k x + iλ),
Straightforward calculations lead to 
In the neighbourhood of k y = 0 and λ = 0,H i=0,1 can be expanded to the first order of k y and λ:
with
It is straightforward to check that ξ + |∆H 0 |ξ + = k y , ξ + |∆H 1 |ξ + = k y − iλ,
which lead to 
Therefore, the low-energy effective Hamiltonian for the edge state takes the form of
